Grothendieck fibrations have played an important role in homotopy theory. Among others, they were used by Thomason to describe homotopy colimits of small categories and by Quillen to derive long exact sequences of higher K-theory groups. We construct simplicial objects, namely the fibred and the cleaved nerve, to characterize the homotopy type of a Grothendieck fibration by using the additional structure. From these, we derive long exact sequences of homotopy groups and spectral sequences for homology groups, establishing new results and placing those of Thomason and Quillen into our framework.
Introduction
The classifying space functor [Se] associates to every small category C a topological space BC, namely the geometric realization of its nerve. The classical homotopy theory of categories is lifted from spaces by using the classifying space functor, and the homotopy type of C is defined as that of BC. It is natural to expect that, when the category C has extra structure, its homotopy type can be described more efficiently rather than using its nerve. That is our motivation for introducing the fibred nerve and the cleaved nerve, which are bisimplicial sets with the homotopy type of the total category of a Grothendieck fibration.
Grothendieck fibrations [Th2, JoTi, Mi] . Grothendieck fibrations have played an important role in homotopy theory. Thomason described homotopy colimits of small categories as the Grothendieck construction of the involved functor in [Th] , and famous Quillen's Theorems A and B [Qu] might be understood as consequences of the behaviour of classifying space functor with respect to fibrations. Other applications can be found, for example, in [dH, He1, He2] . Lastly, we also want to mention that Grothendieck fibrations are basal in the theory of tests categories, the axiomatic homotopy theory initiated by Grothendieck's Pursuing Stacks [PS] and followed by Maltsiniotis and Cisinski [Ma, Ci] .
The paper is organized as follows. Section 1 deals with preliminaries. We fix some notations and recall some results about the classifying space functor and a key proposition on simplicial sets (1.0.1). The reader is referred to [Qu] for an introduction to homotopy of small categories, and to [GoJa] for a comprehensive treatment of bisimplical objects.
The principal reference on Grothendieck fibrations is [SGA1] , however our viewpoint is slightly different from that. In section 2 we recall from loc. cit. some main facts about fibrations, adapt some others and develop some technical results which will be needed later (e.g. 2.2.3, 2.3.2).
Section 3 is the core of the paper. We construct both the fibred and the cleaved nerve, give some examples and prove that these constructions yield the same homotopy type (cf. 3.2.3), which is that of the total category, indeed (cf. 3.3.3) .
In section 4 we discuss some applications of our construction. A spectral sequence relating the homology groups of the base, the several fibers and the total category is given (cf. 4.1.1), emulating the Serre spectral sequence for spaces and simplicial sets. As a corollary, we deduce a homology version of Quillen's Theorem A (cf. 4.1.3). We also prove that under the Grothendieck correspondence between functors B → (cat) and splitting fibrations, the cleaved nerve is the same as the homotopy colimit (cf. 4.2.1), from where Thomason's theorem follows as an immediate consequence (cf. 4.2.2). Finally, we prove that the fibred classifying space functor maps Quillen fibrations into quasifibrations (cf. 4.3.1), and we show how to deduce Quillen's Theorems A and B from that (cf. 4.3.2, 4.3.3) .
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Preliminaries
First, let us fix some notation. We denote by (cat), (sset) and (top) the categories of small categories, simplicial sets and topological spaces, respectively. If C is a small category, then we denote by ob(C) its set of objects and by fl(C) its set of arrows. As usual, with ∆ we denote the category of finite ordinals, and with [n] we mean the ordinal of n + 1 elements. We write I for the simplicial set represented by [1] . Sometimes [n] will be regarded as a category in the usual sense.
Given C a small category, its nerve NC is the simplicial set whose q-simplices are the chains
of q composable arrows in C, and its classifying space BC is the geometric realization of its nerve, namely BC = |NC| (cf. [Se] ). A functor f : C → C ′ in (cat) is a homotopy equivalence if B f is a homotopy equivalence in (top), and a small category C is contractible if BC is so. From the homeomorphism B(C × I) ≡ BC × BI it follows that a functor C × I → D induces a continuous map BC × [0, 1] → BD and therefore a natural transformation h : f ⇒ g : C → D yields a homotopy Bh : B f ⇒ Bg : BC → BD. As an immediate corollary, one deduces that if a functor admits an adjoint, then it is a homotopy equivalence. It follows that a category C having an initial or final object is contractible, since the functor C → e onto the final object of (cat) has an adjoint in these cases (cf. [Qu, Se] ).
The study of homotopy in categories might be motivated by the following fact. For any topological space X there is a small category C such that X and BC are weakly homotopy equivalent (see e.g. [dH] ). An interesting question that arises naturally is how to compute the discrete invariants of X, such as homotopy and homology groups, directly from C.
The nerve of a category is a simplicial set. We shall generalize this concept by constructing the fibred nerve of a fibration, which will be a bisimplicial set. A bisimplicial set is a contravariant functor K :
, where ∆ • denotes the opposite category of ∆. Note that this is the same as a simplicial object in (sset). We denote by (bsset) the category of bisimplicial sets and morphisms between them.
Given K a bisimplicial set, let {p → K pq } be the q-th vertical simplicial set, which is obtained from K by setting the second coordinate equal to q. The p-th horizontal simplicial set {q → K pq } is defined analogously. We denote by d(K) the diagonal of K, that is, the simplicial set which is the composition of K with the diagonal functor
We define the geometric realization of K as the space |d(K)|, which is naturally homeomorphic to the spaces obtained by first realizing on one direction and then on the other (cf. [Qu, p.10] ).
is a map of bisimplicial sets, then we say that it is a homotopy equivalence if its geometric realization f * : |d(K)| → |d(L)| is so. The following is a very useful criterion to establish when a map is a homotopy equivalence.
1.0.1 Proposition. [GoJa, IV, 1.9] Let f : X → Y be a map in (bsset) such that for all q the induced map {p → X pq } → {p → X pq } is a homotopy equivalence in (sset). Then f is a homotopy equivalence.
Fibrations
If u : A → B is a map between small categories, we say that f ∈ fl(A) is over φ ∈ fl(B) if u( f ) = φ, and we say that f ∈ fl(A) is over b ∈ ob(B) if u( f ) = id b . Given b ∈ ob(B), the fiber u b is the subcategory of A of arrows over b, and the homotopy fiber u/b is the category whose objects are pairs (a, φ), a ∈ ob(A) and φ : u(a) → b ∈ fl(B), and whose arrows f : 
Basic definitions and examples
Let p : E → B a map between small categories. An arrow f : e → e ′ in E is said to be cartesian if it satisfies the following universal property: for all h : e → e ′′ over p(h) there is a unique g :
A map p : E → B is a prefibration if for all e object of E and all φ : p(e) → b arrow of B there is a cartesian arrow f = f (e, φ) : e → e ′ over φ. Note that the object e ′ depends only on e and φ up to isomorphism. A prefibration p : E → B is called a fibration if cartesian arrows are closed under composition. We say that B is the base category and that E is the total category of the fibration. Given a prefibration p : E → B, a cleavage Σ is a choice of cartesian arrows. More precisely, a cleavage is a subset Σ ⊂ fl(E) whose elements are cartesian arrows and such that for all e ∈ ob(E) and φ : p(e) → b ∈ fl(B) there is a unique f : e → e ′ ∈ Σ over φ.
Proposition.
The following are equivalent:
• To give a cleavage.
• To explicit a left adjoint to the inclusion
Proof. Given Σ a cleavage of p : E → B and b an object of B, we define a functor r : E/b → E b by pushing forward the objects along the arrows of Σ. More precisely, r maps an object (e, p(e) → b) toẽ, where f : e →ẽ ∈ Σ is the cartesian arrow over p(e) → b with domain e. An arrow
is mapped by r into h, the unique arrow such that f ′ g = h f , where f and f ′ are as before. The universal property of cartesian arrows yields a natural bijection
so the functor r is left adjoint to i. Conversely, if for each inclusion E b → E/b a left adjoint r is given, then the unit of the adjunction 1 ⇒ ir assign to an object (e, p(e) → b) a cartesian arrow f : e →ẽ over p(e) → b, and we can form a cleavage by collecting these maps. One checks that these constructions are mutually inverse.
Corollary. If
The cleavage Σ is said to be normal if it contains the identities, and is said to be closed if it is closed under composition. Every prefibration admits a normal cleavage, but not every prefibration admits a closed one. A fibration which admits a closed cleavage is called a splitting fibration.
Example. Let E, B be groups, regarded as categories with a single object, and let p : E → B be a map between them. Then every map of E is cartesian as it is an isomorphism. It follows that p is a fibration if and only if p is an epimorphism of groups. A cleavage Σ for p is a set-theoretic section for p. The cleavage is normal if Σ preserves the neutral element, and the cleavage is closed if it is a morphism of groups. This example shows, in particular, that only a few fibrations are splitting.
The following, corollary of 2.1.1, gives an alternative description of closed cleavages.
Corollary.
A cleavage Σ is closed if and only if φ ∈ Σ and ψφ ∈ Σ imply that ψ ∈ Σ for all pair φ, ψ of composable arrows of E.
Next we discuss two notions of morphism between fibrations, and describe the corresponding categories. Given ξ = (p : E → B) and
We deonte by (fib) the category whose objects are fibrations and whose arrows are the fibred maps. Now suppose that cleavages Σ and Σ ′ of ξ and ξ
We denote by (cliv) the category whose objects are pairs (ξ, Σ) and whose arrows are the cleaved maps.
Finally, we denote by (esc) to the full subcategory of (cliv) whose objects are the pairs (ξ, Σ) with Σ a closed cleavage of ξ.
We have the following diagram, where the first is a full inclusion and the arrow (cliv) → (fib) is the forgetful functor (ξ, Σ) → ξ. The functor u factors through E(u) as π • i, where i is the inclusion a → (a, id u(a) ), and π is the projection (a, u(a) 
Fibration associated to a map
The functor i is fully faithful and admits a right adjoint, the retraction r : E(u) → A, which maps (a, u(a) → b) into a. This implies the following.
Proposition. The map i : A → E(u) is a homotopy equivalence.
The functor π is a fibration. The set
whose first coordinate is an identity is a closed cleavage for π, so it is a splitting fibration. We say that π : E(u) → B is the fibration associated to u, and we endow it with the cleavage Σ 0 . Note that if b is an object of B, then the fiber E(u) b of π is isomorphic to the homotopy fiber A/b of u.
Except in very special situations, the retraction r : E(u) → A does not commute with the projections, namely (r, id B ) is not a map in (cat) I . We shall describe how to replace r for others 6 well-behaved retractions when the map u is already a fibration.
Let p : E → B be a fibration, and let π : E(p) → B be its associated fibration. We say that a map s : E(p) → E is good if si = id E , ps = π and s preserves cartesian arrows.
Proposition.
A good map is a homotopy equivalence, and it induces homotopy equivalences E(p) b → E b between the fibers.
Proof. The first statement is a corollary of 2.2.1. About the second, note that under the isomorphism
If E is endowed with a cleavage Σ and s : E(p) → E is a good map such that s(Σ 0 ) ⊂ Σ, then we say that s is very good.
Given p : E → B a fibration, there is a 1-1 correspondence between normal cleavages of E and good maps s : E(p) → E. If p is endowed with a cleavage Σ, then under this bijection closed cleavages correspond to very good maps.
is a cartesian arrow of E over φ with domain s(i(e)) = e. It follows that the family Σ = {s(id e , φ)} e,φ is a cleavage of E, and it is normal because s(id e , id p(e) ) = s(i(id e )) = id e .
Conversely, if Σ is a normal cleavage of E, then we shall construct a good map
is mapped by s into the unique arrow over β which makes the following diagram commutative.
The uniqueness of s(α, β) follows from 2.1.1. It also follows from 2.1.1 that s preserves cartesian arrows. As it respects identities and compositions, s is indeed a functor, and ps = π by construction. The map s defined this way is a retraction for i :
It is straightforward to check that these procedures are mutually inverse. Let us prove the second statement. Let Σ be a closed cleavage and s its induced good map. If (id e , β) is in Σ 0 , then s(id e , β) f = f ′ , where f and f ′ are as in the diagram above. Since f and f ′ belong to Σ, it follows from 2.1.4 that s(id e , β) is in Σ and hence s is very good. On the other hand, given Σ a cleavage which is not closed, by 2.1.4 one can find f and f ′ in such a way that s(id e , β) is not in Σ, and thus s is not very good.
Fibrations and pseudofunctors
In [SGA1] Since we are only dealing with fibrations endowed with a normal cleavage, we can avoid some technical aspects and adapt the definition of pseudofunctor from [SGA1] as follows.
For a pseudofunctor F : B (cat) we shall mean a set of the following data: a small category
and a natural isomorphism c ψ,φ : F(ψφ) ⇒ F(ψ)F(φ) for each pair of composable arrows φ, ψ.
These data must satisfy the following coherence properties:
• c η,ψφ for each triple of composable arrows φ, ψ, η. Here • and • denotes respectively the vertical and horizontal composition of natural transformation.
Proposition.
There is a 1-1 correspondence between isomorphism classes of fibrations with base B endowed with a normal cleavage and pseudofunctors B (cat). Under this bijection, the splitting fibrations correspond to the actual functors.
Proof. Given a fibration ξ = (p : E → B) endowed with a normal cleavage Σ, we can construct a pseudofunctor F : B (cat) as follows. For each object b of B we define
The natural isomorphisms c ψ,φ are uniquely determined by the universal property of cartesian arrows. We will say that F is the pseudofunctor associated to ξ. Note that F is actually a functor if and only if the cleavage Σ is closed. We now describe the inverse procedure. Given a pseudofunctor F : B (cat), its Grothendieck construction is a fibration B⋊F → B whose fibers are the values of F. The objects of the total category B ⋊ F are pairs (b, e) with b an object of B and e and object of
Composition is given by (ψ, g)•(φ, f ) = (ψφ, gF(ψ)( f )c ψφ ). The map B ⋊ F → B is the projection, and the arrows (φ, id) form the distinguished cleavage.
Let ξ be a fibration. Given Σ a cleavage, the associated pseudofunctor F induces a true functor [F] : B → [(top)] by taking classifying spaces. Here [(top)] denotes the category of spaces and homotopy classes of maps. Indeed, since two base-change functors over an arrow φ of B must be isomorphic, the functor [F] does not depend on the cleavage Σ. Thus we conclude the following. 
Proposition. A fibration ξ yields a functor [F] : B → [(top)] which maps an object

Bisimplicial sets from fibrations
If ξ and ξ ′ are fibrations with cleavages Σ and Σ ′ , then we denote by hom(ξ, ξ ′ ), hom f ib (ξ, ξ ′ ) and hom cliv ((ξ, Σ), (ξ ′ , Σ ′ )) the maps from ξ to ξ ′ in (cat) I , (fib) and (cliv), respectively. Note that
Fibred nerve
For p, q 0 let pq denote the fibration pr 2 :
. These are the fibrations which will play the role of simplices in (fib). They define a covariant functor : ∆ × ∆ → (fib). Given ξ = (p : E → B) a fibration, we define the fibred nerve of ξ as the bisimplicial set N f (ξ) whose pq-simplices are given by
We define the fibred classifying space B f (ξ) as the geometric realization |d(N f ξ)| of the fibred nerve. These constructions are functorial. For short, we shall write N f E and B f E instead of N f ξ and B f ξ.
The fibred nerve extends the classical nerve in the sense that there exists a natural isomorphism
→ B are such that the induced square commutes. We say that b ∈ NB q is the base of the simplex s, and that a = A| pr −1 2 (0) ∈ (NE b 0 ) p is the mast of s. We visualize s as an array of arrows of E going down and right. The horizontal arrows are cartesian and the vertical arrows are over identities.
Next technical proposition plays a key role hereafter. Fix b ∈ NB q , and let N f E b be the simplicial set whose simplices are those of N f E with base b, with faces and degeneracies in the vertical direction.
3.1.1 Proposition. The map m : N f E b → NE b 0 which gives to each simplex s its mast a is a homotopy equivalence.
Proof. We choose a cleavage Σ and construct a homotopy inverse n : NE b 0 → N f E b for m as follows. The map n associates to a simplex a the unique simplex s = n(a) with mast a and base b such that s(i → i, j → j+1) ∈ Σ for all i, j. It is clear that mn = id, and we shall describe a simplicial homotopy
we define h(s, t) as the unique p-simplex of N f E b with the same mast as s and such that h(s, t)(i
In other words, h replaces gradually the rows of s with arrows in Σ. It is easy to see that h defined as above is a simplicial map, that h(s, 0) = s and that h(s, 1) = nm(s).
The fibred nerve satisfies the following homotopy preserving property.
Proposition. Let f : E → E
′ be a fibred map over B such that f :
is a homotopy equivalence for all object b of B. Then f * : N f E → N f E ′ is a homotopy equivalence.
Proof. By proposition 1.0.1 it suffices to prove that for each q the map {p → N f E pq } → {p → N f E ′ pq } is a homotopy equivalence. Faces and degeneracies in direction p preserve the base of a simplex, thus we have decompositions
Moreover, f * also preserves the base of a simplex, and therefore it can be written as the coproduct of the maps f * :
. Now consider the following commutative square.
The vertical maps are homotopy equivalences by 3.1.1, and the bottom one is so by hypothesis. It follows that the upper one is also a homotopy equivalence and thus the proposition.
Cleaved nerve
The fibration pq is splitting, since its unique cleavage Σ = {(id, α)} is closed. We consider pq as equipped with this cleavage, and we obtain a covariant functor : ∆ × ∆ → (esc). Let ξ = (p : E → B) be a splitting fibration with closed cleavage Σ. We define the cleaved nerve of (ξ, Σ) as the bisimplicial set N c (ξ, Σ) whose pq-simplices are given by
We define the cleaved classifying space of B c (ξ, Σ) as the geometric realization |d (N c (ξ, Σ) )| of the cleaved nerve. These constructions are functorial. As before, we shall write N c E and B c E instead of N c (ξ, Σ) and B c (ξ, Σ) when there is no place to confusion.
The cleaved nerve extends the classical nerve in the sense that there is a natural isomorphism
where id : B → B is equipped with the cleavage Σ = fl(B). Note that, if we forget the cleavage Σ, then we can form the fibred nerve N f E and there is a natural inclusion in (bsset) i : N c E → N f E. Proof. Since ξ is a fibration we can lift the arrows of the base to arrows in Σ in such a way to complete the mast to a whole simplex s of N c E. This prove the existence. The uniqueness follows by the universal property of cartesian arrows. The second statement follows from the first one.
Proposition. Given b ∈ NB q and a ∈ (NE
It is possible to define the cleaved nerve for any fibration equipped with a cleavage, as the formula N c (ξ, Σ) pq = hom cliv ( pq , (ξ, Σ)) makes sense even when ξ is not splitting. However, when the cleavage is not closed, this construction fails to describe the homotopy type of the total category, as we can see in the following example.
Example. Let E be the category obtained from the ordinal [3] by formally inverting the arrow 2 → 3. Note that E has an initial element and hence BE is contractible. Despite this, we shall see E as the total category of a fibration, and endow it with a cleavage Σ in such a way that the bisimplicial set N c E = hom cliv ( pq , (E, Σ)) is not contractible.
Let B = [2] and let p : E → B be the surjection which takes twice the value 2. Clearly it is a fibration. Let Σ be the normal cleavage which contains the arrow 0 → 3.
If a simplex s ∈ N c E is not contained in the fiber E 2 , then its mast must be trivial. Since a simplex in N c E is determined by its mast and its base (cf. 3.2.1), it follows that 0 ∈ N c E is face only of 0 → 1, 0 → 3 ∈ N c E 01 and some degenerate simplices. Thus, the loop 0 → 1 → 2 → 3 ← 0 gives a non-trivial element of π 1 (B c E, 0) and therefore B c E is not contractible. Indeed, the space B c E is homotopy equivalent to the one-dimensional sphere S 1 .
The cleaved nerve, like the fibred nerve, satisfies the following homotopy preserving property.
Proposition. Let f : E → E
′ be a map of splitting fibrations over B such that f :
Proof. It is analogous to that of 3.1.2, using the restriction N c E b ∼ − → NE b 0 of m, which is also a homotopy equivalence by 3.2.1 (actually, it is an isomorphism).
The following result asserts that the cleaved nerve suffices to describe the homotopy type of the fibred nerve.
Theorem. The inclusion i : N c E → N f E is a homotopy equivalence.
Proof. Again by proposition 1.0.1, we only must show that for each q the inclusion induces a homotopy equivalence {p → N c E pq } → {p → N f E pq }. Fixed q, this inclusion can be written as the coproduct of the inclusions
where b runs over all q-simplices of NB. Each of these maps is a homotopy equivalence by 3.1.1 and 3.2.1, so the result follows.
Relation with the classic nerve
Let ξ = (p : E → B) be a fibration, and let s = (A, b) be an element of N f E. The composition
gives a q-simplex of NE, which we denote by k(s). This way we get a natural map
and its geometric realization k * : B f E → BE. We shall see that it is a homotopy equivalence, so the fibred nerve becomes an alternative model for the homotopy type of E. We prove it first for a splitting fibration and then for any fibration.
Case of a splitting fibration
Let ξ = (p : E → B) be a splitting fibration, with normal closed cleavage Σ.
Theorem. The composition ki : d(N c E) → NE is a homotopy equivalence.
Proof. (Compare with [Th2] , 1.2) Since 2.2.3 we know that the cleavage Σ gives a very good map s : E(p) → E which induces a commutative square
whose vertical arrows are homotopy equivalences (cf. 2.2.2 3.2.2). In order to prove that the bottom arrow is a homotopy equivalence it only remains to show that the upper arrow is so. To do that, we define a map l : d (N c E(p) ) → NE(p), prove that there is a simplicial homotopy k l, and prove that l is a homotopy equivalence. A simplex s = (A, b) of N c E(p)is uniquely determined by its mast and its base (cf. 3.2.1), so it consists of the following data 
where all the arrows are those induced by s. We define l :
where, again, all the arrows are those induced by s. 
Since the fibration E(p) → B is always splitting, it follows from 3.3.2 that the upper arrow is a homotopy equivalence. The vertical arrows are also homotopy equivalences (cf. 2.2.2,3.1.2), thus we conclude the result.
Example. The surjection s : [2] → [1] which takes twice the value 1 is a fibration. Down below we show the spaces B f E and BE. The map k is in this case the obvious inclusion.
Even when this example is quite simple, it is useful to understand some of the differences between the two constructions. Generally, many of the diagonal arrows in the total category do not provide relevant homotopy information. The fibred nerve omit them.
The cleaved nerve is smaller than the fibred nerve, and therefore a more effective codification of the homotopy type of the total category. On the other hand, it only works when the fibration is splitting, while the fibred nerve is useful for any fibration.
Some applications
It is well known that a bisimplicial set gives rise to a bisimplicial abelian group and hence to a bicomplex. In this section we study the spectral sequence associated to the bicomplex induced by the fibred nerve. We also relate our construction with homotopy colimits, and prove that the geometric realization of a fibration is a quasifibration under suitable hypothesis.
Spectral sequence of a fibration
Let us recall briefly the definition of homology of categories with coeficients in a module (cf. [Qu] ). Denote by (ab) the category of abelian groups. Given a small category C and a module (ie. functor) A : C → (ab), the p-th homology group of C with coefficients in A is defined as the p-th left derived functor of colim : (ab) C → (ab).
The groups H p (C, A) can be computed as the homology of the following simplicial abelian group
and, in the case that A is morphism inverting, they agree with the homology of the classifying space BC with local coefficients induced by A. We write H p (C) instead of H p (C, A) when A is the constant functor Z. It follows that
Proof. If π : E(u) → B is the fibration associated to u, then its fibers are isomorphic to the homotopy fibers of u and thus π induces isomorphisms in homology by 4.1.2. Since u = π • i and i : A → E(u) is a homotopy equivalence (cf. 2.2.1) the result follows. where the coproduct runs over all simplices of dimension q of NI (cf. [GoJa] ).
Homotopy colimits
Theorem
to the element a in the sumand indexed by b, where a is the mast of s and b is the base of s. This is indeed a morphism of bisimplicial sets, and it is invertible because of 3.2.1.
If E is any fibration, then one can define a function N f E → hc(NF) in a similar fashion. However, this function is not a morphism in general, as it does not respect the 0-th face operator. (Thomason's theorem) . The homotopy colimit of a functor F : B → (cat) has the homotopy type of the Grothendieck construction B ⋊ F.
Corollary
Proof. It is a consequence of 3.3.1 and 4.2.1.
Quillen fibrations
In the case of topological spaces, the several fibers of a fibration are all homotopy equivalent. More precisely, a path on the base lifts to a map (well defined up to homotopy) and hence there is a monodromy functor
In a Grothendieck fibration, every arrow b → b ′ in the base B lifts to a functor defined up to isomorphism E b → E b ′ , but it is not true in general that these functors are homotopy equivalences. We say that a fibration E → B is a Quillen fibration if the maps E b → E b ′ are homotopy equivalences for all b → b ′ (cf. [Qu] ). In a Quillen fibration the induced functor B → [(top)] is morphism inverting (cf. 2.3.2), and therefore it factors as B → π 1 (B) → [(top)]. Here π 1 (B) denotes the fundamental groupoid of B, namely the groupoid obtained by formally inverting all the arrows of B. We call this the monodromy action of the fibration.
The monodromy action is a first tool to classify Quillen fibrations. In very special situations, it suffices to recover the whole fibration, as we can see in the following example Example. (cf. [Qu] ) If p : E → B is a Quillen fibration with discrete fibers (the only arrows in the fibers are identities), then the base-change functors E b → E b ′ must be bijections. It follows that, under Grothendieck correspondence (cf. 2.3.1), a Quillen fibration with discrete fibers is essentially the same as a functor B → (set) ⊂ (cat) which is morphism inverting, or what is the same, a functor π 1 (B) → (set). A Quillen fibration p : E → B with discrete fibers should be thought of as a covering of categories. Indeed, they yield coverings after applying the classifying space functor.
One is interest in understand how fibrations behave with respect to the classifying space functor. Next example shows that B f E → B f B need not to be a fibration, so we shall look for a notion weaker than that.
Example. Let E be the full subcategory of I × I with objects (1, 0), (0, 1) and (1, 1). Then the second projection E → I is a fibration. Since the fibers are contractible, it is a Quillen fibration indeed. Despite this, the induced map of topological spaces is not a fibration, as one can easily check.
Recall that a quasifibration of topological spaces f : X → Y is a map such that the inclusions of the actual fibers into the homotopy fibers are a weak homotopy equivalences. They extend the notion of fibration, and their most important feature is that they yield long exact sequences of homotopy groups relating the fibre, the total space and the base space. Proof. It essentially that of [Qu] , lemma p.14. One proves that the restriction of p * to the q-th skeleton of B f B is a quasifibration by induction on q, from where the result follows. To prove the inductive step one writes sk q (B f B) as the union U ∪ V, where U is the open set obtained by removing the barycenters of the q-cells and V is the union of the interiors of the q-cells, and prove that p * is a quasifibration when restricted to U, V and U ∩ V.
To prove that p * | U is a quasifibration one may proceed in the same fashion as in [Qu] . With V and U ∩ V one must be careful: p| V and p| U∩V are not product fibrations. Anyway, they can be deformed into product fibrations using 3.1.1. This fundamental result allow us to derive Quillen's Theorems A and B from our framework. (Quillen's Theorem A) . If u : A → B is a map between small categories whose homotopy fibers A/b are contractible, then it is a homotopy equivalence.
Corollary
Proof. Let u = πi be the factorization of u through its mapping category E(u). Since i is a homotopy equivalence (cf. 2.2.1) it only remains to show that π is so. But π * : B f E(u) → B f B is a quasifibration with contractible fibers, so the result follows from the long exact sequence of homotopy groups and Whitehead theorem. 
the left square commutes, and since πi = u and r is a homotopy inverse to i the right square commutes after applying the π k functor. We conclude that the homotopy groups of A/b, A and B can be identified naturally with that of the base, the fiber and the total category of the associated fibration E(u) → B. It is a Quillen fibration, and therefore the result follows from 4.3.1.
